Introduction
The origin of the integration theory with respect to vector measures goes back to control theory. The solutions of some important problems in this area have been obtained using vector measure tools (see [17] ).
Since then, the interest of the theory has yielded to the development of the theory of L p (m) spaces with respect to a vector measure m and has found more applications in other areas as non linear analysis of signals (see [12, 14, 16] ). The techniques coming from vector measure integration have also been successfully applied in mathematical physics to solve some classical non linear problems (see [4, 11, 15] ).
It is usual that, when extending a theory to a wider context, some of the properties that were satisfied in the restricted theory are not longer valid in the more general situation. This is the case when one goes from the integration theory with respect to scalar measures to integration theory with respect to vector measures. In this case, the role played by the weak* topology is assumed by the topology τ m of the pointwise convergence of the integrals. However, it is not true in general that the 
The relation between the convergence of sequences in the spaces of vector measure integrable functions and the convergence of the corresponding vector valued integrals has been studied since the seventies (see for instance [18, 19] , [5, Section 6] , [26] and the references therein) and yields to replacing the duality of the Banach space L p (m) by the vector measure duality, i.e the duality induced between L p (m) and L p (m) by the vector valued integration. This duality has to be understood in the following sense. The vector measure integral defines an integration operator I m from the space L 1 (m) of integrable functions with respect to the vector measure m and the Banach space E. Then the map (f, g) [9, 13, 24] and [26, Ch.3] and the references therein).
A relevant paper where the relations between the weak topology on L p (m), 1 < p < ∞, and the weak integrals defined by the integration map is [9] , where it is shown that the weak topology and this topology defined by the weak integrals
coincide on bounded sets. In this direction, the papers [7, 29] show descriptions of the dual space of L p (m), 1 < p < ∞ by characterizing the topology defined by the weak integrals. Σ → E, we write R(m) for its range. Its variation |m| is defined by |m|(A) := sup
where the supremum is computed over all finite measurable partitions π of A ∈ Σ. We write m for its semivariation, that is defined by [18, 19] or [26, Ch.3] ). 
are considered. It is an order continuous p-convex -with constant 1-Banach function space over each Rybakov measure for m (see [28, Proposition 5], and [6] and [26, Ch.3] for more information on these
and g ∈ L p (m), for each 1 ≤ p ≤ ∞ (see [26, Prop.3 .43] and [28,
Fix a Rybakov measure µ for m. Due to the order continuity of
it coincides with its Köthe dual (or associate space) (
where
and the duality is given by
precise description of (L p (m)) can be found in [7, 8, 9, 10, 29] . The integration operator I m : L 1 (m) → E is given by
General information on the properties of I m can be found in [23, 24, 25] , and [26] and the references therein. Since for all p > 1 the inclusion
m) always holds, the integration operator can be defined
, the set function m f : Σ → E defines a vector measure too, and so the integration map
Let 1 ≤ p ≤ ∞. In this paper we will consider the following locally convex topologies on L p (m).
• The topology induced by the norm · L p (m) .
• The topology of the pointwise convergence of the integrals τ m , i.e.
the topology that is defined by the seminorms
• The topology of the pointwise weak convergence of the integrals τ w,m , that is given by the seminorms γ g,
Is is a locally convex (and so Hausdorff) topology on L p (m).
• The weak topology τ w on L p (m).
Clearly, the norm topology is finer than all the others, and τ m and τ w are finer than τ w,m . However, in general τ m is not finer than τ w . Indeed, τ m coincides with the weak* topology whenever m is a scalar measure and for p = 1, the weak and the weak* topologies do not coincide.
As we said in the Introduction, we are mainly interested in the
All the basic results we will need on its topological properties are explained through the paper, and can be found in [6, 8, 9, 26, 28] .
In this section we obtain characterizations of the τ m -compactness of B L p (m) and analyze several consequences. The coincidence of the weak topology and τ w,m on bounded subsets of L p (m) was shown in [9, It is worth mentioning that if I m :
Proposition 3.48 in [26] ), and so the τ m topology is just given by the weak* topology: nothing new is provided. The result for the weak topology is a consequence of the coincidence between this topology and τ w,m .
Compactness of (B L p (m) , τ m ) allows also to give a description of
endowed with the topology induced by the strong topology on L p (m) * .
) is isometrically isomorphic to the dual space Z * of Z.
Proof. It follows from [22, Theorem 1] . 
Proof. Let (g n ) n be a τ m -Cauchy sequence in B L p (m) . Since τ w,m is coarser than τ m , the sequence (g n ) n is τ w,m Cauchy. By the assumption that B L p (m) is τ w,m sequentially complete, (g n ) n τ w,m -converges to an element g ∈ B L p (m) . Let us prove that (g n ) n actually converges to g for τ m or, equivalently, that (I m,gn ) n converges pointwise to I m,g . Since
is complete and (I m,gn ) n is Cauchy for the product topology, (I m,gn ) n converges pointwise to some T ∈ E L p (m) . It suffices to prove that T = I m,g . Given arbitrary h ∈ L p (m) and x * ∈ E * , consider
that allows to conclude that I m,g = T .
Note that the proof works with the obvious changes to prove that
Proof. Take (g n ) n a norm dense sequence in B L p (m) . Since the integra-
Since τ m coincides with the product topology restricted to
The reader is referred to [8, Section 2.2] for related results on separability and metrizability. We recall that a locally convex space is quasi-complete if every closed bounded subset is complete.
is τ m -complete it suffices to be proved that B L p (m) is τ m -sequentially complete. This follows from Theorem 3.
Indeed, the set of operators {I m,f : f ∈ A} is pointwise bounded, for 
We will denote by R(m) the range of m. We now proceed to give conditions that ensure compactness of (B L p (m) , τ m ).
Theorem 7. Let 1 < p ≤ ∞ and let m be a vector measure such
Proof. Let 1 < p ≤ ∞. As in the previous proofs, consider
.56 in [26] ). Hence, each I m,g is clearly compact when g is a simple function. Taking into account that the norm of the operator I m,g coincides with g L p (m) and the ideal of compact operators is closed for the operator norm, we obtain that each K g is compact in E,
By Tychonoff's Theorem, the product g∈B
Since
and the product topology coincides with τ m on B L p (m) , it suffices to be
K g . This follows from the completeness of (B L p (m) , τ m ) and the coincidence of τ m and the product topology.
The same argument works for p = 1 taking into account that I m compact implies that R(m) and so I m,g is compact for all simple functions
Corollary 8. Let 1 < p < ∞ and let m be a vector measure such
Proof. For 1 < p < ∞, weak sequential completeness of L p (m) and reflexivity are equivalent properties (see Proposition 3.38 in [26] ). Since 
is order continuous and so m T is a (countably additive) vector measure. Clearly, the following domination holds: for each g η , A ∈ Σ and x ∈ B X * ,
In other words, each vector measure given by I mg η , and so the pointwise limit T , is scalarly uniformly dominated by m. Indeed, for each A ∈ Σ and x ∈ B X * ,
is not order continuous we still can prove that m T is a (countably additive) vector measure.
Consider a measurable partition
of the measurable set A. Then for each η we have that lim n ∪ n i=1 A i g η dm = A g η dm. Notice that the domination (2) also holds in this case, and so for each n ∈ N,
But each measure | m, x | is countably additive, so Saks space is a triple (E, . , τ ) where (E, . ) is a normed space and τ is a locally convex topology on E so that B E , the closed unit ball of (E, . ) , is τ -bounded and τ -closed.
This definition was given by Cooper using the terminology introduced earlier by Orlicz for a related, although different, concept (see Proof. It follows from Proposition 1 and [9] .
In case that γ w,m = γ m , we will just call such topology γ. for all f ∈ L p (m), we obtain
It follows from [1, Proposition I. 4.5] that the seminorms q given by q(f ) = sup n a n p Hn (f ) generates the mixed topology γ m when (a n ) n varies over all sequences of positive numbers decreasing to 0, and (p Hn ) n over all sequences in S. The result follows now easily.
